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The Life-cycle/Permanent-income hypothesis Setup

Setup

e \We consider a household with an infinite time horizon.

e The lifetime utility is given by:
V=) B°U(ctss) (1)
s=0

where U(e) is the instantaneous (period-) utility function and ¢; is
consumption in period t.

e The period-utility function satisfies the following conditions:

U'(e) >0, U'(e) <0 (2)

e The household has initial wealth a;.

e In each period, the household has (exogenous) income x;.
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The Life-cycle/Permanent-income hypothesis Setup

Setup

e The household can save or borrow at an exogenous interest rate, ry,
which is assumed to be constant over time, i.e.

ris=1r, Vs>0,1,2,.... (3)

e The period t's budget constraint is given by:

cetarr1 = (14r)ar+x (4)
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The Life-cycle/Permanent-income hypothesis ~ The intertemporal/lifetime budget constraint

The intertemporal/lifetime budget constraint

e The budget constraint for period t + 1 is given by:
1
1+r

Cty1+ a2 = (14 7r)aci1 + Xer1 € a1 = (Ct41+ ar+2 — Xe1)

e Using the just derived expression for a;;1 to replace a;1 in the
period-t budget constraint yields:

1

1
117 ——aro=(14r)a +Xt-|- T Xt+1 (5)

1
Ct+ —Ct41+ 11r

1+r

e Repeating the last two steps for periods t 4 2,t + 3, ... we obtain:

s

) 1 S . 1 " - 1
Y (r17) eorim () semm = @0 B (17) =
()
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The Life-cycle/Permanent-income hypothesis ~ The intertemporal/lifetime budget constraint

The intertemporal/lifetime budget constraint

e Assuming (no-Ponzi game condition) that

. 1\’
Jim, <1+) acent1 =0 (7)

holds, the intertemporal budget constraint can be written as follows:

i<1_1H)scf+s:(1+f)3t+§(1_1“>sxt+s (8)

s=0

=— Interpretation?
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The Life-cycle/Permanent-income hypothesis The intertemporal optimization problem

The intertemporal optimization problem

e The intertemporal optimization problem of the household is to
maximize the lifetime utility function subject to the lifetime
(intertemporal) budget constraint.

e Formally:

max i}ﬁsU(CHS) 9)

Ct1Ct+1:Ct+2y---

s.t.

i<1i,>sct+s=(1+r)at+i<1Jlrr>sxt+s (10)

s=0
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The Life-cycle/Permanent-income hypothesis Model solution

Model solution

e The Lagrangian associated with the intertemporal optimization
problem is given by:

[ee] < 1 S
L= LU + A7) at+z<1+ R

£ () o

e The first-order condition with respect to c;4s is given by:

aiis = U () =2 <11+r) - 0= A=[B(1+r)] U (crss)

e The first-order condition with respect to A is given by:

o] 1 S 1 S
- = (1 12
§)<1+r> Crrs = (1+7r) 3t+2<1+ ) Xtts (12)
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The Life-cycle/Permanent-income hypothesis Model solution

Model solution

e If one computes the first-order condition for consumption in period
t + s+ 1 (the period after t + s for which we already computed the
first-order condition) we obtain:

oL

aCi.‘-‘:—s—i—l

_ ps+lyyp 1 5+1L
—ﬁ U(Ct+5+1)—)L 1+r =0«

A= (814N (cersin)

e Combining the two first-order conditions with respect to ¢;4s and
Ct+s+1 One obtains:

BOL+N]U (cers) = [BA+NTTU (crsrr) <= (13)
Ucers) = BA+r)U (ctyss1)

— Intertemporal Euler equation
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The Life-cycle/Permanent-income hypothesis Model solution

Model solution

e |f one assumes that the subjective discount factor is equal to the
market discount factor, i.e. that f = 1%” holds the intertemporal
Euler equation yields:

v’ (ctys) =B (1+1r) U (Ctys+1) = U (ctys) = v’ (Ctyst1)
(14)
— Ct =Ct+1 =Cty2 = ... =C

e Plugging this result into the lifetime budget constraint yields:

i (1ir>sc:(1+r)at+§<1ir>sxt+s (15)

s=0
c)ci L S:(l—I—r)at—i—i L sxt+s
= 1+r = 1+r
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The Life-cycle/Permanent-income hypothesis Model solution

Model solution

e Using the fact that:

> 1
Z(a)szl afor0<a<1 (16)

(0]
the sum Y (ﬁ)S can be written as:

s=0
© 1\ 1 1
¥ () - (17)
o \1+r -1+ r

e Plugging this result into the lifetime budget constraint yields:

i(li )Sc_(1+r at—i—E(li )SXt+5 (18)

s=0

[e°] 1 S 1 s
<:>C§)<1+r> (1—|—r at+2(1+r> XtJrsEWt
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The Life-cycle/Permanent-income hypothesis Model solution

Model solution

e Using the intertemporal budget constraint the solution for c is then

given by:
r

1 +r
— Life-cycle/Permanent-income hypothesis.

C

Wi (19)

e Interpretation:
e Households divide lifetime income equally among each period of life.

e Current consumption is determined not by current income, but by
lifetime income.

e Current saving is determined by the transitory income (the difference
between current and permanent income), i.e.

r
St = Xt — <1+r> Wi (20)
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Labor supply = Setup

Labor supply: Setup

e In the previous section we assumed that the amount of labor supplied
(n¢) is constant and given by 1.

—> Labor was neglected in the utility function.

e In this section, we want to model the labor supply decision.

— Explicitly introduce labor into the utility function.
e We assume that the total time available to the household is 1.
e Assuming that leisure time is denoted by /; the period-utility function
is now given by:
U=U(ct l:) =U(ce,1—ny) (21)
with U >0, Uy >0, U <0, Uy <0and Upr = —U;;
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Labor supply = Setup

Labor supply: Setup

e Assuming that the wage rate is given by w;, the household’s budget
constraint is given by:

Aat+1 + Ct = Wit + Xt + ryat (22)

where x; now denotes exogenous income apart from labor income.
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Labor supply ~ The intertemporal optimization problem

Labor supply: The intertemporal optimization problem

e The intertemporal optimization problem of the household is to

maximize the lifetime utility function subject to the period budget
constraints.

e Formally:
[eS)
s

max Z B°U (ctss, 1 — ness) (23)

Ct1Ct+1,Ct+2,-4y Ne,Ne4+1,M42,-.- s—0

s.t.

Nagi1+ Cs = Wshs + Xs + rsas, Vs >t (24)
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Labor supply Model solution

Labor supply: Model solution

e The Lagrangian associated with the intertemporal optimization
problem is given by:

L=Y {BU(ctis,1—neys) + (25)
s=0
+ Atgs [WersNers + Xevs + Mersarrs — Darysi1 — Crrs|}

e The first-order condition with respect to ct4s is given by:
L

aCi:Jrs

- ,BSUC,H-S - AH—S ; 0 = )\H-s = ,BS Uc,t-‘rs

e The first-order condition with respect to n:s is given by:

oL

ONiis

!
= _;BSU/,t+s + At—i—sWt-l—s =0<+= ﬁs Ul,t+s = At—l—sWt—l—s
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Labor supply Model solution

Labor supply: Model solution

e The first-order condition with respect to a;ys11 is given by:

oL

!
PP —Atts + Arrsr1 (14 retsy1) = 0 <=
Att+s+1

Atrs = Apysy1 (1 + reysqn)

e The first-order condition with respect to A, is given by:
WetsNets + Xets + Mtrsdtts = Darysi1 + Crys (26)

e Dividing the second first-order condition by the first, yields:

U
I, t+s _ Wt+s (27)
Uc,t+s

=—> Interpretation?
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Labor supply Model solution

Labor supply: Model solution

e Combining the first and third first-order conditions one obtains:

Ue (ctvs) = B(1+ revsi1) Ue (crrsi1) (28)

—> Intertemporal Euler equation
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Labor supply Model solution

Labor supply: Model solution

e We again assume that the subjective discount factor is equal to the

(constant) market discount factor, i.e. that g = 1+r holds.

e Then, the intertemporal Euler equation becomes:
Uc (cers) = B(1+ 1) Uc (cersi1) <= Uc (ceys) = Uc (Cersit)

(29)
= Ct = Ct41 = Ct42 = ... = C

e Plugging this result into the lifetime budget constraint yields:

o) S [ee] 1 S
=(1+r)a+ () [Xt+s + Weishess)
Z(l—i—r) ; 1+r g ST

s

o] 1 >5 o0 1
—c =(14r)a+ Z <> [Xtts + Wepsneys)
Z (1 +r = 1+r

s=0
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Labor supply Model solution

Labor supply: Model solution

e Solving for c yields:

s (o] 1 S
CZ<1—|—[’> = (1+r)at+sz(:)<1+r> [Xt+5+Wt+5nt+s]

r
<“— = W,
¢ 1+r t

with
o0 1 S
We=(14r)a:+ Z (1> [Xt+s + Wetshpys] (30)
s=0 +r

e Interpretation:
e Households divide lifetime income equally among each period of life.

e Current consumption is determined not by current income, but by
lifetime income.

e Current saving is determined by the transitory income (the difference
between current and permanent income).
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Labor supply Model solution

Labor supply: Model solution

e Assuming that the period utility function is given by

-1
the optimality condition for labor supply (in period t) can be written
as:
U/ t 1
= Xy —— = 32
UC,t - W /tC e ( )
a
lt_Ct<:>1—nt i<:>nt— —i
Wt Wt Wt

— What are the effects of an increase in wages on n;?

>
T I T2 (33)

University of Siegen Dynamic Macroeconomics 21 /31



Firms Assumptions

Firm behavior: Assumptions

e Firms use labor, n:, and capital, k¢, to produce output, y;, according
to the following production function:

)/t = F (kt, nt) (34)
where F(.) represents a classical production function.
e A firm’s profits in period t, denoted by I1;, are given by:
[1: =yt — weny — ip + Abe 1 — rbe (35)

where j; denotes investment and b; represents the stock of
outstanding debt at the beginning of period t.
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Firms Decision problem

Firm behavior: Decision problem

e Firms maximize the present value of their profits given the production
function and given the capital accumulation equation.

e Formally:

o0 1 s .
maX P = Z ( ) [)/t+s — WiisNips — st

Nys,itts,brisi1;5>0 s—0 1+4r

+Abtysi1 — rbeys)

s.t.
Ye+s = F (kevs, Neis) (36)

Akiisi1 = itrs — OKeps = ltrs = kepst1— (1= 0) keys (37)
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Firms Decision problem

Firm behavior: Decision problem

e Plugging the constraints into the objective function we can write the
firm’s decision problem as follows:

o0 1 s
max Pr = Z ( > [F (kt—O—s: nt—l—s) — WitsNtts

Neys Kets+1,be4s415 520 s—0 1+4r

—kirst1+ (1 —0) ks + brisy1 — (L4 1) bes]
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Firms Optimality conditions

Firm behavior: Optimality conditions

e The first-order conditions with respect to n;ys are given by:

IP: LY !
o \11r [Fntrs — Wers] = 0= Fops = wiis  (38)
t+s

e The first-order conditions with respect to k;1¢11 are given by:

apt 1 s 1 s+1 |
akt+s+1 (1 + r> + <1 _|_ r> [ k,t+s+1 + (5] O S=

Fittst1=r+0 = kttst1 = Fk_,t}-&-s-&-l (r+9)

e The first-order conditions with respect to b;;sy1 are given by:

apt B 1 s 1 s+1 L
abt+s+1__<1+r> +<1—|—r> =0 39

University of Siegen

Dynamic Macroeconomics 25 /31



General equilibrium Consolidating the household and firm budget constraints

Consolidating the household and firm budget constraints

e The national income identity is given by:

Yt = F (ktv nt) = Ct + it (40)

e Solving the household budget constraint (holding r constant) for c;
yields:
Ct = Wehy + Xt + rag — Aat+1 (41)

e Solving the capital accumulation equation for iy yields:

ie = Ake1 + Ske (42)

e Using the so obtained expressions to replace ¢; and i; in the national
income identity yields:

F (kfv nt) = Wehnt + Xt + rag — Aat+1 + Akt+]_ + (Skt (43)
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General equilibrium Consolidating the household and firm budget constraints

Consolidating the household and firm budget constraints

e Solving the just derived equation for x; yields:
Xt = F (kt, nt) — Wghe — ray + Aat+1 — Akt+1 — 5kt (44)
e Subtracting firms' profits from x; yields:

Xt — Ht = F (ktr nt) — W¢Ny — rag + Aat+]_ — Akt+1 — (Skt — (45)
- [F (kt. ”t) — Wiy — Akey1 — Oke + bry1 — (1 + r) bt]
= A (3t+1 - bt+1) - r (at - bt)

e Since a; = by (Why?) we obtain:

Xt — Ht (46)
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General equilibrium Consolidating the household and firm budget constraints

Consolidating the household and firm budget constraints

e Since the production function is assumed to have constant returns to
scale (i.e. is assumed to be homogenous of degree one), we have
(Euler's theorem):

F (ktr nt) = Fn’tnt -+ Fk,tkt = Weh; + (r+(5) kt
< (Skt =F (ktr nt) — Wehy — rkt

e Using this result, firms’ profits can be written as:

IT; = F (ke ne) —weng — Dkeyr — Oke + berr — (1+1) by (47)
= F (ke ne) — wene — kg1 + ke — F (ke, ne) + weng + rke + b1 —
—(1+4r)b =
= —(key1 = beg1) + (1+r) (ke — by)
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General equilibrium Consolidating the household and firm budget constraints

Consolidating the household and firm budget constraints

e Solving for ks — b; yields (assuming Ii_)m % =0):
S§—00

o p,— Het (kty1—by1) i eys (48)
t t ].+r s=0 (1+r)5+1

o If profits are constant and equal to IT then

IT
kt - bt - 7 (49)

e With x = IT and a = b it follows that total household asset income is
given by
X+ ra=rk (50)
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General equilibrium The labor market

General equilibrium: The labor market

e Labor demand is determined by the following equation:

Fn,t = Wt (51)

e Labor supply is determined by the following equation:

U
— Un’:; = W; (52)
c
e Setting these two equations equal yields:
V)
T~ (53)
c

—> Interpretation?
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General equilibrium The goods market

General equilibrium: The goods market

o Aggregate demand, y¢ is given by:

) r
}’td = Ct‘f‘lt:mwt‘f‘kt—i-l_(l_‘s)kt: (54)
r _
- 1+rWt+Fk’§+l(r+5)—(1—(5)kt

e Aggregate supply is given by the following equation:

ve = F (ke,ne) . (55)
e In equilibrium:

r _
W=yl = meLFk,,}+1 (r+06)—(1—08) ke = F (ke, n¢)
(56)
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