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Introduction

Introduction

• Development of GDP in the United States: 1947 - 2002.
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Figure 3.1. U.S. GDP (solid line) and capacity GDP (dashed line) 1947–2002.

The importance of economic growth is revealed in figure 3.1, which plots GDP
and full-capacity GDP for the United States in the period 1947:1–2002:4. The
main feature of this graph is the growth of full-capacity GDP. In comparison,
deviations of GDP from full capacity are relatively minor. Insofar as economic
welfare depends on output, this suggests that the gains from growth are far
more important than those from stabilization, yet historically macroeconomics
has been much more concerned with stabilization than with growth. A rough
estimate of the relative importance of stabilization is the ratio of cumulative
actual output over the period to cumulative capacity output. This is 94.8%,
implying that only 5.2% of output was lost as a result of not operating at full
capacity. This measure of the output loss is likely to be an underestimate as
capacity output is endogenous and is linked to the level of the capital stock
and investment. As the capital stock and investment are expected to be higher
when the economy is operating close to full capacity, with perfect stabilization
capacity output is likely to have been larger than implied by figure 3.1.

3.2 Modeling Economic Growth

We now turn to the issue of how to modify our previous analysis, which assumed
a zero rate of long-run growth. We make three changes to the model. All affect
the production function, which is now specified as

Yt = F(Kt,Nt, t).
In this chapter, we use capital letters for total output, capital, and labor, and
lowercase letters for the corresponding per capita values. Previously, output
and capital were measured in per capita terms. First, we take account of the size
of the population, Nt , and assume that the entire population work. Second, we

=⇒ Positive growth trend over 55 years.
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Introduction

Stylized facts of economic growth

• In the short run, important fluctuations: Output, employment,
investment, and consumption vary a lot across booms and recessions.

• In the long run, balanced growth: Output per worker and capital per
worker (Y /N and K/N) grow at roughly constant, and certainly not
vanishing, rates.

• The capital-to-output ratio (K/Y ) is nearly constant.

• The return to capital (r) is roughly constant, whereas the wage rate
(w) grows at the same rates as output.

• The income shares of labor and capital (wN/Y and rK/Y ) stay
roughly constant.

• Substantial cross-country differences in both income levels and
growth rates.
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The Solow-Swan model of growth

The Solow-Swan model of growth

• Firms:
• Firms produce output (GDP) using the following production function:

Yt = F (Kt , Nt , t) = (1+ µ)t K α
t N1−α

t (1)

where the notation for Y , K and N is as in chapter 2.
• µ denotes the (exogenously determined) rate of technological progress.
• Dividing by Nt yields:

yt =
Yt
Nt

= (1+ µ)t K α
t N1−α

t
Nt

= (1+ µ)t kα
t (2)

where small letters denote per-capita terms (k = K/N, y = Y /N).
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The Solow-Swan model of growth

The Solow-Swan model of growth

• Households:
• Households generate income from production and use this income to

consume and save/invest.
• We assume that in each period they decide to save a fixed proportion

of their income.
• The (exogeneously given) saving rate is denoted by s.
• Savings in a given period, denoted by St , are then given by:

St = sYt (3)

• We assume that the working population, Nt , grows by the rate n, i.e.
we have

Nt+1 = (1+ n)Nt (4)
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The Solow-Swan model of growth

The Solow-Swan model of growth

• The economy’s “budget constraint”:
• We assume that the economy is closed, i.e., we have:

St = It (5)

where It denote period’s t investment.
• The capital stock then evolves according to:

Kt+1 = (1− δ)Kt + It ⇐⇒ Kt+1 −Kt = It − δKt = sYt − δKt (6)

where δ denotes the depreciation rate.
• Diving both sides of this term by Kt yields:

Kt+1 −Kt
Kt

= s Yt
Kt
− δ = s

Yt
Nt
Kt
Nt

− δ = s yt
kt
− δ (7)
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The Solow-Swan model of growth

The Solow-Swan model of growth

• The economy’s “budget constraint” (... continued):
• To derive an expression for the growth rate of per-capita capital

( kt+1−kt
kt

) we consider the difference in the growth rate of the capital
stock and the population and transform this difference appropriately.

• This yields (Remember: Nt =
Nt+1
1+n ):

Kt+1 −Kt
Kt

− Nt+1 −Nt
Nt

=
Kt+1
Kt
− Kt

Kt
− Nt+1

Nt
+

Nt
Nt

=

=
Kt+1
Kt
− Nt+1

Nt
=

Kt+1
Nt
Kt
Nt

− (1+ n)Nt
Nt

=

=

Kt+1
Nt+1
1+n
Kt
Nt

−
(1+ n) Kt

Nt
Kt
Nt

=

Kt+1
Nt+1
1+n
− (1+ n) Kt

Nt

Kt
Nt
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The Solow-Swan model of growth

The Solow-Swan model of growth

• The economy’s “budget constraint” (... continued):
• The latter expression can be rearranged as follows:

Kt+1
Nt+1
1+n
− Kt

Nt
(1+ n)

Kt
Nt

=
(1+ n) (kt+1 − kt)

kt
= (1+ n) ∆kt+1

kt
(8)

• Given that both the growth rate of population, n, and the per-capita
capital growth rate, ∆kt+1

kt
are small numbers their product is an even

smaller number and can be treated as being (almost) equal to zero, i.e.,

n ∆kt+1
kt

≈ 0 (9)

• Then, the per-capita capital growth rate is given by:
∆kt+1

kt
≈ Kt+1 −Kt

Kt
− Nt+1 −Nt

Nt
= (10)

= s yt
kt
− δ− n = s yt

kt
− (n + δ)
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The Solow-Swan model of growth

The Solow-Swan model of growth

• The economy’s “budget constraint” (... continued):
• The change in the per-capita capital is then given by:

∆kt+1 = syt − (n + δ) kt (11)
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The Solow-Swan model of growth

The Solow-Swan model of growth

• Relationship between the growth rate of capital and the capital stock:
• Denoting the growth rate of capital as γ (kt) we can write:

γ (kt) =
∆kt+1

kt
= s yt

kt
− (n + δ) (12)

• The relationship between the growth rate of capital and the capital
stock can then be derived as follows:

∂γ (kt)

∂kt
= s

(
∂yt
∂kt

kt − yt

k2
t

)
= s

(
∂yt
∂kt

kt

k2
t

yt
yt
− yt

k2
t

)
= (13)

=
syt
k2

t

[
kt
yt

∂yt
∂kt
− 1
]
< 0

=⇒ Interpretation?
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The Solow-Swan model of growth

The Solow-Swan model of growth

• Balanced growth:
• Using the same approximation as above (for the growth rate of

per-capita capital) we can write:

∆yt+1
yt

=
∆Yt+1

Yt
− ∆Nt+1

Nt
(14)

• The term ∆Yt+1
Yt

can be written as:

∆Yt+1
Yt

=
Yt+1
Yt
− 1 =

(1+ µ)t+1 K α
t+1N1−α

t+1
(1+ µ)t K α

t N1−α
t

− 1 = (15)

= (1+ µ)

(
Kt+1
Kt

)α (Nt+1
Nt

)1−α

− 1 =

= (1+ µ)

(
1+ ∆Kt+1

Kt

)α (
1+ ∆Nt+1

Nt

)1−α

− 1
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The Solow-Swan model of growth

The Solow-Swan model of growth

• Balanced growth (... continued):
• The growth of output is thus a function f of the growth rate of

technological progress, capital growth and population growth, i.e.,

∆Yt+1
Yt

= f
(

µ, ∆Kt+1
Kt

, ∆Nt+1
Nt

)
(16)

• A first-order Taylor approximation around µ = ∆Kt+1
Kt

= ∆Nt+1
Nt

= 0
yields:

∆Yt+1
Yt

≈ (1+ 0) (1+ 0)α (1+ 0)1−α − 1 (17)

+ (1+ 0)α (1+ 0)1−α µ

+α (1+ 0) (1+ 0)α−1 1 (1+ 0)1−α ∆Kt+1
Kt

+ (1− α) (1+ 0) (1+ 0)α (1+ 0)−α 1∆Nt+1
Nt
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The Solow-Swan model of growth

The Solow-Swan model of growth

• Balanced growth (... continued):
• For the growth rate in per capita income we then obtain:

∆yt+1
yt

=
∆Yt+1

Yt
− ∆Nt+1

Nt
= µ+ α

∆Kt+1
Kt

+(1− α)
∆Nt+1

Nt
− ∆Nt+1

Nt
=

= µ + α

[
∆Kt+1

Kt
− ∆Nt+1

Nt

]
= µ + α

∆kt+1
kt

= µ + αγ (kt)

=⇒ Interpretation?

• For the growth rate in per capita consumption we obtain:

ct = (1− s) yt =⇒
∆ct+1

ct
=

∆yt+1
yt

(18)
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The Solow-Swan model of growth

The Solow-Swan model of growth

• Balanced growth (... continued):
• On a balanced growth path (in the steady state):

γ (kt+1) = γ (kt) = γ (k∗) (19)

• Since γ (kt) = s yt
kt
− (n + δ) this requires that the output-capital ratio

must remain constant in the steady-state:
=⇒ In the steady-state the growth of per-capita income and
per-capita capital must be equal.

• Thus:
µ + αγ (k∗) = γ (k∗)⇔ γ (k∗) = µ

1− α
(20)

=⇒ Interpretation?
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